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Abstract. We analyze Higgs bundles (V, φ) on a class of elliptic surfaces pi : X → B,
whose underlying vector bundle V has vertical determinant and is fiberwise semistable. We
prove that if the spectral curve of V is reduced, then φ is vertical, while if V is fiberwise
regular with reduced (resp. integral) spectral curve, and if its rank and second Chern
number satisfy an inequality involving the genus of B and the degree of the fundamental
line bundle of pi (resp., if the fundamental line bundle is sufficiently ample), then φ is
scalar. We apply these results to the problem of characterizing slope-semistable Higgs
bundles with vanishing discriminant in terms of the semistability of their pull-backs via
maps from arbitrary (smooth, irreducible, complete) curves to X .
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1. Introduction
One of the aims of the present paper is to study a conjecture about semistable Higgs
bundles on elliptic surfaces; in doing so, we also find some structural results about such
bundles, which may be of independent interest.
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2 SEMISTABLE HIGGS BUNDLES ON ELLIPTIC SURFACES
Let Y be a non-singular, projective scheme of dimension n > 2, defined over an alge-
braically closed field k of characteristic 0, and let F be a coherent sheaf on Y , with rank
r and Chern classes ci. The discriminant of F is the characteristic class
∆(F ) := 2rc2 − (r − 1)c
2
1.
Fix a polarization H on Y . The Bogomolov inequality asserts that, if the sheaf F is
torsion-free and slope-semistable with respect to the polarization H , then its discriminant
satisfies
(1.1) ∆(F ) ·Hn−2 > 0.
This was first proved in [2] for locally free sheaves in the case k = C, n = 2; see [15] for the
general case. It is then natural to look for some sort of characterization of slope-semistable
sheaves for which the lower bound 0 for left hand side of (1.1) is attained. The main result
in this direction is the following theorem, first proved in [19], and then, independently and
with a different proof, in [6] (in the theorem, the condition ∆(F ) · Hn−2 = 0 is replaced
by the stronger ∆(F ) = 0 in H4(X,Q); assuming k = C, the two conditions are in fact
equivalent, as soon as F is locally free and slope-semistable with respect to the polarization
H , as can be proved using Theorem 2 of [22]):
Theorem 1.1. Let (Y,H) be a complex polarized variety. Then, for a locally free sheaf F
on Y , the following are equivalent:
(1) F is slope-semistable and ∆(F ) = 0 in H4(X,Q);
(2) for each pair (C, f), where C is an irreducible, non-singular, projective curve, and
f : C → Y a morphism, the pull-back f ∗F of F to C along f is semistable.
One also has a version of Bogomolov inequality for Higgs sheaves: again, let (Y,H)
be a polarized variety of dimension n > 2, defined over an algebraically closed field k
of characteristic 0. Then any torsion-free, slope-semistable Higgs sheaf (F, φ) on (Y,H)
satisfies ∆(F ) · Hn−2 > 0. It was first proved by Simpson in [21] in the case k = C (and
for stable holomorphic Higgs bundles on compact Ka¨hler manifolds), using his generalized
Kobayashi-Hitchin correspondence;1 see again [15] for the general case. It is then somehow
natural to expect the following analogue of Theorem 1.1 to hold [6, 5]:
Conjecture 1.2. Let (Y,H) be a complex polarized variety, and let (F, φ) be a Higgs
bundle on Y . Then the following are equivalent:
(1) (F, φ) is semistable with vanishing discriminant;
(2) for each morphism f : C → Y , with C and f as in Theorem 1.1, the pull-back
f ∗(F, φ) is semistable.
The implication (1) ⇒ (2) of 1.2 has been proved in [6, 5]. Moreover, by the Higgs
version of Metha-Ramanathan theorem [22], any Higgs bundle satisfying (2) of Conjecture
1.2 is semistable. So, what is left to be proved in order to establish the validity of the
conjecture, is the statement that a Higgs bundle with non-zero discriminant is unstable
1Simpson indeed proved the inequality only for stable Higgs bundles; the semistable case follows from
the generalized Hitchin-Kobayashi correspondence for semistable Higgs bundles [4, 16].
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when pulled back to a suitable curve. We remark that Theorem 1.1 is true, more generally,
for reflexive sheaves [19]. Thus one may formulate a reflexive version of Conjecture 1.2.
However, in this paper we shall work with smooth surfaces, where there is no distinction
between vector bundles and reflexive sheaves, and so we will stick to the locally free case.
Conjecture 1.2 is by now known to be true for several classes of varieties, including those
with nef tangent bundle [8], K3 surfaces [7], and, more generally, Calabi-Yau varieties [3].
In this paper we study Conjecture 1.2 in the case of elliptic surfaces. We restrict ourselves
to the case of non-isotrivial Weierstrass fibrations π : X → B without cuspidal singular
fibers. Generalizations (e.g., to elliptic surfaces without sections, or with multiple fibers)
will be treated elsewhere. Using, among other things, the equivalence of ordinary and
Higgs-semistability for Higgs bundles on curves which are either rational or elliptic [8, 9],
we remark (Proposition 5.5) that it is enough to prove the conjecture for Higgs bundles
(V, φ) on X whose underlying vector bundle V has vertical (or even trivial) determinant,
and has semistable restriction to the closed fibers of π. This allows us to focus our attention
on Higgs bundles (V, φ) on X , with V assumed to have vertical determinant, and to be
fiberwise semistable. As showed by Morgan, Friedman and Witten in [11], it is possible to
associate to such a V an effective divisor CV on X , called the spectral curve of V , belonging
to the the linear system |rΣ+ π∗µ|. Here Σ is the identity section of π : X → B, r is the
rank of V , and µ is a suitable line bundle on B, whose degree equals the second Chern
number of V . In the fiberwise regular case, the degree r cover CV →֒ X
π
−→ B determines
(the isomorphism class of) V , up to the choice of an invertible sheaf on CV .
The cotangent bundle of ΩX possesses a distinguished invertible subsheaf, i.e., the pull-
back along π of the canonical line bundle of the base curve B. We call Higgs fields on V
factoring through the inclusion V ⊗π∗ωB →֒ V ⊗ΩX vertical ; by analyzing the restrictions
of V and ΩX to a general closed fiber of π, we show (Proposition 4.2 and Corollary 4.3)
that, when the spectral curve of V is reduced, these are the only Higgs fields which V
supports.
Every vector bundle on a smooth variety has a canonical family of Higgs fields on it,
which we call scalar, parametrized by the space of global 1-forms on the variety. Using a
Lemma on the relative incidence correspondence of divisors of the form rΣ on the total
space of our fibration π : X → B (Lemma 4.4), we show (Proposition 4.5) that if V is
fiberwise regular, with reduced (resp., integral) spectral curve, and if the rank r > 2 and
second Chern number e of V satisfy the inequality e > (r−1)d+2g−1 (resp., if d > 2g−1),
where d > 1 is the degree of the fundamental line bundle of π, and g the genus of B, then
every Higgs field on V is necessarily scalar; in particular, for every Higgs field φ on V , the
Higgs bundle (V, φ) (resp., any of its pull-backs f ∗(V, φ) along some morphism f : Y → X)
is semistable if and only if the vector bundle V (resp., its pull-back f ∗V ) is.
Our results on Higgs bundles on elliptic surfaces allow us to prove (Proposition 5.6) that
Conjecture 1.2 is true for Higgs bundles (V, φ) on X when V is fiberwise semistable and
has vertical determinant, as soon as the the rank r and second Chern number e of V satisfy
the inequality e > rd+ 2g, and the spectral curve of V is sufficiently general.
4 SEMISTABLE HIGGS BUNDLES ON ELLIPTIC SURFACES
The content of the paper is as follows: in Section 2 we make precise the class of elliptic
surfaces we shall work with, and we prove a result (Proposition 2.6) concerning the direct
images of the (co)tangent sheaf of an elliptic surface belonging to this class (which will be
interpreted in Section 4 in terms of Hitchin bases); in Section 3 we recall, following [11],
the construction of the spectral cover of a fiberwise semistable vector bundle with vertical
determinant on a Weierstrass fibration; in Section 4 we prove our results on the structure
of Higgs fields on fiberwise semistable (resp., regular) bundles with vertical determinant
on elliptic surfaces; finally, in Section 5, we apply the results of Section 4 to the study of
Conjecture 1.2.
Acknowledgments. The second author wishes to thank the Department of Mathematics
of Universidade Federal da Para´ıba, Joa˜o Pessoa, for hospitality; and Valeriano Lanza for
the invitation to give a talk on a preliminary version of this paper at Universidade Federal
Fluminense, Rio de Janeiro.
Notations and conventions. We work over an algebraically closed field k of character-
istic 0 (though at some point in Section 5 we specialize to the case k = C). The word
scheme without further qualifiers will mean separated k-scheme of finite-type. Coherent
sheaves of modules on a scheme S will be referred to simply as sheaves; the dimensions (as
k-vector spaces) of the cohomology groups (with respect to the Zariski topology) H i(S, F )
of a sheaf F on S will be denoted by hi(S, F ). For a sheaf F on S, we sometimes denote
F ⊗ k(x) as F (x), if x is a point of S (and k(x) its residue field), and F ⊗ OS(D) as
F (D), if D is a Cartier divisor on S. For a global section s of F , Z(s) is the scheme of
zeros of s. Sheaves of Ka¨hler differentials are denoted by Ω, and their duals by Θ; for a
morphism of schemes f : T → S, the morphism of structure sheaves OS → f∗OT , and
the canonical map f ∗ΩS → ΩT will both be denoted by f
∗; if x ∈ S is any point, the
scheme-theoretic fiber of f at x will be denoted by Tx, and the pull-back of a sheaf F to T
via the canonical morphism Tx → T by Fx. For a locally free sheaf V on a scheme S, we
set PS(V ) := ProjS(SymV
∨).
2. Elliptic surfaces
2.1. Elliptic fibrations. Let B be an integral scheme, with generic point η and function
fieldK. An elliptic fibration over B is a proper and flat B-scheme X → B, whose geometric
generic fiber Xη ×K K
al is an irreducible, complete, non-singular Kal-curve of genus one,
for some (hence, for any) algebraic closure Kal of K. We assume, from now on, that the
base and the total space of our elliptic fibrations are non-singular.
2.1.1. Sections. Let π : X → B be an elliptic fibration. A section of π is a closed subscheme
Σ of X such that the restriction of π to Σ is an isomorphism Σ → B, or, equivalently, a
morphism σ : B → X satisfying π ◦ σ = idB.
Let Σ be a section of π. Then Σ intersects each closed fiber Xb of π transversely in
the smooth point σ(b); moreover, Σ is a (non-singular, prime) divisor of X , and thus
its conormal sheaf is invertible (and canonically isomorphic to OΣ(−Σ) := OX(−Σ)|Σ).
The image in Pic(B) of OΣ(−Σ) via the isomorphism π|Σ : Σ → B (or, equivalently, the
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conormal sheaf of the closed immersion σ : B → X) will be denoted by L, and called the
fundamental line bundle of the fibration. It turns out that L is isomorphic to (R1π∗OX)
∨;
in particular, it does not depend on the chosen section. We recall the following well-known
fact [18, 10]:
Proposition 2.1. Let π : X → B be an elliptic fibration with section Σ. Then:
(1) the map π∗ : OB → π∗OX is an isomorphism;
(2) for each non-zero integer r, the sheaf π∗OX(rΣ) on B is 0 for r < 0, while it is
(non-canonically) isomorphic to
L−2 ⊕ · · · ⊕ L−r ⊕OB
for r > 0.
2.2. Weierstrass fibrations. AWeierstrass fibration is a pair (π,Σ), where π is an elliptic
fibration with integral fibers, and Σ is a section of π.
Let L be the fundamental line bundle of a Weierstrass fibration (π : X → B,Σ). By the
second item of Proposition 2.1, the sheaf π∗OX(3Σ) is isomorphic to
L−2 ⊕ L−3 ⊕OB =: S3.
Set P := PB(S
∨
3 ), and denote by p : P→ B the projection. Next, observe that
H0(P,OP(3)⊗ p
∗L6) = H0(B,L6 ⊗ Sym3S3) ≃
⊕
i+j+k=3
H0(B,L6−2i−3j)xiyjzk.
The last vector space contains
H0(OB)y
2z ⊕H0(OB)x
3 ⊕H0(L4)xz2 ⊕H0(L6)z3.
It follows that, for each pair (a4, a6) ∈ H
0(L4)⊕H0(L6), the expression
(2.1) y2z − (x3 + a4xz
2 + a6z
3)
can be interpreted as a non-zero section of the line bundle OP(3) ⊗ p
∗L6 on P; thus its
scheme of zeroes is an effective divisor X¯ on P. Moreover, if the discriminant section
(2.2) ∆ := −16(4a34 + 27a
2
6) ∈ H
0(L12)
is non-zero, then the pair (π¯, σ¯), where π¯ : X¯ → B is the composition
(2.3) X¯ →֒ P
p
−→ B,
while σ¯ : B → X¯ is obtained by factoring, via X¯ →֒ P, the section of p corresponding to
the natural map S3 ։ L
−3, is a Weierstrass fibration on B. The divisor X¯ may be singular,
but a local computation shows that it is actually non-singular provided the divisor of the
discriminant section is reduced. Conversely, one has the following result [18, 10]:
Proposition 2.2. Let (π : X → B,Σ) be a Weierstrass fibration, and L its fundamental
line bundle. Then the divisor 3Σ on X is very ample relatively to π, and there exists an
isomorphism π∗OX(3Σ) ≃ L
−2 ⊕ L−3 ⊕ OB =: S3, such that the image of the immersion
of B-schemes X → PB(S
∨
3 ) corresponding to the surjection
π∗S3
≃
−→ π∗π∗OX(3Σ)
ev
−→ OX(3Σ)
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is the divisor of zeros of (2.1) for suitable ai ∈ H
0(Li), i = 4, 6. Moreover, the pair (a4, a6)
is well defined up to the k×-action c · (a4, a6) := (c
4a4, c
6a6).
In the remainder of this paper we shall denote by B an irreducible, smooth, projec-
tive curve of genus g, and by π : X → B a Weierstrass fibration, with section Σ, and
fundamental line bundle L. Moreover, we set
d := deg(L),
and we remark that, as a consequence of Proposition 2.2, we have d > 0, and d = 0 if and
only if L12 ≃ OB. We will always assume that π has at worst nodal fibers (for example, for
a Weierstrass fibration as in (2.3), this is equivalent to the divisors of the sections a4, a6
having disjoint supports).
Let Z be the scheme of singularities of π. Then Z is a local complete intersection closed
subscheme of X of dimension 0 and length 12d, supported on the nodes of the singular
fibers, and π maps Z isomorphically onto the scheme of zeros of the discriminant section
∆ from (2.2). The following Lemma will be useful in the following.
Lemma 2.3. For each n > 0 the sheaf SymnIZ is torsion-free.
Proof. It is enough to prove the following algebraic statement: let R be a UFD, and let I
be the ideal of R generated by two relatively prime elements f, g ∈ R. Then the symmetric
powers SymrI of I are torsion-free R-modules. This is trivial for r ∈ {0, 1}. So, let us fix
an r > 2, and set M := SymrI. The claim is then equivalent to the map evM : M →M
∨∨
being injective. From the presentation (actually, free resolution) of I
F1
β
−→ F0
α
−→ I → 0,
where F0, F1 are free R-modules with bases (e1, e2) and (e) respectively, while α and β are
the maps
α :
{
e1 7→ f
e2 7→ g
, β : e 7→ ge1 − fe2,
we get the presentation of M
(2.4) G1
δ
−→ G0
γ
−→M → 0,
where the modules G0 := Sym
rF0 and G1 := F1 ⊗ Sym
r−1F0 are free with bases
(ui := e
i
1e
r−i
2 )06i6r, (vi := e⊗ e
i
1e
r−1−i
2 )06i6r−1
respectively, γ := Symrα, and δ is induced by the multilinear map (symmetric in the yi’s)
F1 × F
r−1
0 → G0, (x, y1, . . . , yr−1) 7→ β(x)y1 · · · yr−1;
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thus, with respect to the bases (ui), (vi), δ is represented by the (r + 1) × r matrix with
entries in R 

−f
g −f
g
. . .
. . . −f
g −f
g


.
Dualizing (2.4), we obtain the exact sequence
0→M∨
γ∨
−→ G∨0
δ∨
−→ G∨1 ,
showing that γ∨ maps M∨ isomorphically onto the kernel of δ∨. To compute this kernel,
let K be the field of fractions of R. An easy computation shows that ker(δ∨ ⊗R K) is
generated by ω ⊗ 1 ∈ G∨0 ⊗R K, where
ω :=
r∑
i=0
f igr−iu∨i ∈ G
∨
0 ;
a standard argument (based on the assumptions that R is factorial, and that gcd(f, g) = 1)
then shows that ker(δ∨) = Rω. Thus M∨ = Rω¯, where ω¯ ∈ M∨ is the preimage of ω via
γ∨. This implies, in particular, that ker(evM) = ker(ω¯) = γ(ker(ω)). Now, ker(ω) consists
of the elements x :=
∑r
i=0 aiui of G0 (ai ∈ R) such that the pair (f, g) is a root of the
(homogeneous, degree r) polynomial φ :=
∑r
i=0 aiX
iY r−i ∈ R[X, Y ]. An easy argument
(again based on R being a UFD) shows that φ(f, g) = 0 if and only if φ factors in R[X, Y ] as
(gX−fY )·ψ, for some homogeneous, degree r−1 polynomial ψ, say ψ =
∑r−1
i=0 biX
iY r−1−i.
Expanding the equation φ = (gX−fY )·ψ then shows that the element y :=
∑r−1
i=0 bivi ∈ G1
satisfies δ(y) = x. Thus ker(ω) ⊆ im(δ), and evM is injective, as claimed. 
2.3. Differentials. Let Ωπ (resp., ω
◦
π) be the sheaf of relative Ka¨hler differentials (resp.,
the relative dualizing sheaf) of the projection π. The following useful isomorphisms will
be used without further reference in the sequel:
Ωπ ≃ IZ ⊗ ω
◦
π, ω
◦
π ≃ π
∗L ∈ Pic(X).
They show, in particular, that Ωπ is torsion-free, with determinant det Ωπ ≃ ω
◦
π, and that,
for each closed fiber Xb of π, the restriction IZ,b of IZ to Xb is isomorphic to the sheaf
of Ka¨hler differentials of Xb; thus, h
1(Xb, IZ,b) = h
1(Xb,ΩXb) = 1. The last equality is
obvious for Xb smooth, while, for Xb singular, it can be seen, for example, as a consequence
of the following fact.
Lemma 2.4. Let C be an integral, projective, nodal curve of arithmetic genus 1, and let
x ∈ C(k) be the node of C. Then there is an exact sequence of sheaves on C
(2.5) 0→ k(x)→ ΩC → mx → 0.
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The sheaf R1π∗IZ on B is thus invertible by Grauert’s theorem, and it can be computed
explicitly using relative Serre duality [14]:
R1π∗IZ ≃ Ext
0
π(IZ , ω
◦
π)
∨ ≃ (π∗HomX(IX , π
∗L))∨
≃ π∗(I
∨
Z ⊗ π
∗L)∨ ≃ L−1 ⊗ π∗OX ≃ L
−1.
The last isomorphism allows us to prove the following result.
Lemma 2.5. There is a canonical isomorphism
π∗IZ ≃ L
−12.
Proof. We have the exact sequence of sheaves on X :
0→ IZ → OX → OZ → 0;
thus, setting Z ′ := Z(∆), and taking the exact sequence of higher direct π-images, we get
an exact sequence
0→ π∗IZ → OB → OZ′ → L
−1 → L−1 → 0,
showing that the map OB → OZ′ is surjective. But, up to non-zero scalars, there is only
one surjection OB → OZ′ ; so
π∗IZ ≃ OB(−Z
′) ≃ L−12,
as claimed. 
2.3.1. In the canonical exact sequence of sheaves of Ka¨hler differentials
π∗ΩB
π∗
−→ ΩX → Ωπ → 0,
the morphism π∗ is generically injective by rank counting, so that (the sheaf π∗ΩB being
locally free on the integral scheme X) the sequence
(2.6) E : 0→ π∗ΩB
π∗
−→ ΩX → Ωπ → 0
is exact. In particular, one has the following special case of Kodaira’s formula [18] for the
canonical line bundle of X
ωX = detΩX ≃ π
∗ωB ⊗ det Ωπ ≃ π
∗(ωB ⊗ L).
2.3.2. For a closed point b of B, the restriction
Eb : 0→ OXb ⊗k(b) ΩB(b)→ ΩX,b → ΩXb → 0
of E to Xb is exact (by the usual arguments); one can thus consider the relative extension
class of (2.6), or Kodaira-Spencer map of π [13]. This is a global section ξ(E/B) of the
sheaf on B
Ext1π(Ωπ, π
∗ΩB) ≃ Ext
1
π(Ωπ ⊗ π
∗ω−1B ⊗ ω
◦
π, ω
◦
π) ≃ Ext
1
π(π
∗(L2 ⊗ ω−1B )⊗ IZ , ω
◦
π)
≃ (R0π∗(π
∗(L2 ⊗ ω−1B )⊗ IZ))
∨ ≃ L−2 ⊗ ωB ⊗ (π∗IZ)
∨ ≃ L10 ⊗ ωB
(the last isomorphism is due to Lemma 2.5), having the property that, for each b ∈ B(k),
the extension Eb splits if and only if the image of ξ(E/B) in L
10 ⊗ ωB ⊗ k(b) is zero. It
is clear that Eb is non-split if Xb is singular. It follows that if our fibration has at least
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one singular fiber (which is equivalent to d > 0; one says in this case that the fibration is
non-isotrivial), then ξ(E/B) is a non-zero section of the line bundle L10⊗ωB, and thus, for
almost all b ∈ B(k), the extension Eb is non-split. For such a b, the bundle ΩX,b is a then a
non-split self-extension of OXb. Weak isomorphism classes of such extensions correspond
bijectively to closed points of the projective space PExt1Xb(OXb ,OXb) ≃ PH
1(OXb), which
is zero-dimensional; the sheaf corresponding to its closed point is the rank 2 Atiyah bundle
of Xb [1]. From now on we will assume our fibration to be non-isotrivial, so that ΩX,b will
be isomorphic to the rank 2 Atiyah bundle on Xb, for b ∈ B(k) general.
2.3.3. We remark that, for each r ≥ 0, we have a natural map
(2.7) π∗ωrB
≃
−→ π∗SymrΩB
≃
−→ Symrπ∗ΩB
Symrπ∗
−−−−→ SymrΩX .
We then have the following Proposition, which will be applied in Section 4 to the study of
Higgs bundles on elliptic surfaces:
Proposition 2.6. For each r ≥ 0, the adjoint
ωrB → π∗Sym
rΩX
of the map (2.7) is an isomorphism; furthermore, there is a canonical isomorphism
π∗Sym
rΘX ≃ L
−r.
Its proof we will make use of the following elementary lemma, which will also be applied
multiple times in the sequel:
Lemma 2.7. Let F be a torsion-free sheaf on X. Then its direct image π∗F is a locally
free sheaf on B.
Proof of Proposition 2.6. We will prove the claim by induction on r. The case r = 0 is
just the statement that the map π∗ : OB → π∗OX is an isomorphism, which we already
discussed (see Proposition 2.1). So, let us fix an integer r > 1, and let us assume the claim
to be true for r − 1. Starting from (2.6), we get a canonical exact sequence of sheaves on
X :
(2.8) Symr−1ΩX ⊗ π
∗ωB → Sym
rΩX → Sym
rΩπ → 0,
in which the first two sheaves are locally free or rank r and r + 1, respectively, while the
third
SymrΩπ ≃ Sym
r(IZ ⊗ π
∗L) ≃ SymrIZ ⊗ π
∗Lr
it torsion-free of rank 1 by Lemma 2.3. The usual arguments then show that the first map
in (2.8) is injective. We thus have a short exact sequence of torsion-free sheaves on X :
0→ Symr−1ΩX ⊗ π
∗ωB → Sym
rΩX → Sym
rΩπ → 0;
taking direct images we get an exact sequence of (locally free, by Lemma 2.7) sheaves on
B
0→ ωB ⊗ π∗Sym
r−1ΩX → π∗Sym
rΩX → L
r ⊗ π∗Sym
rIZ .
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All the bundles appearing here actually have rank 1 (this is clear for Lr ⊗ π∗Sym
rIZ . For
ωB ⊗ π∗Sym
r−1ΩX and π∗Sym
rΩX one uses that the restriction of ΩX to Xb is isomorphic
to I2 for b general; thus
(SymrΩX)b ≃ Sym
rI2 ≃ Ir+1,
the Atiyah bundle of rank r+1 on Xb, which satisfies h
0(Xb, Ir+1) = 1). An easy argument
now shows that the map ωB⊗π∗Sym
r−1ΩX → π∗Sym
rΩX is an isomorphism. The inductive
hypothesis guarantees that the first arrow in
ωrB = ωB ⊗ ω
r−1
B → ωB ⊗ π∗Sym
r−1ΩX → π∗Sym
rΩX ,
is an isomorphism. This completes the proof of the first claim, since this composition is
nothing but the adjoint of (2.7).
The second claim is proved by taking the direct image of the isomorphism
SymrΘX ≃ Sym
r(ΩX ⊗ ω
−1
X ) ≃ Sym
rΩX ⊗ π
∗(L⊗ ωB)
−r,
and then using the projection formula and the first claim. 
3. Vector bundles on elliptic surfaces
Let (π : X → B,Σ) be a non-isotrivial Weierstrass fibration with nodal singular fibers.
We will be interested in vector bundles V on X whose restrictions to the closed fibers of π
have trivial determinant, and are semistable (we recall that there is, essentially, only one
notion of semistability for a torsion-free sheaf on an integral, complete curve C, which does
not require the choice of a polarization on C; also, if C has arithmetic genus 1, the degree
of a sheaf on C is just its Euler-Poincare´ characteristic).
Following [11], we will recall how it is possible to associate, to each such V , a finite
map CV → B of degree equal to the rank of V , called the spectral cover of V . Properties
of CV such as, for instance, reducedness and integrality, strongly influence those of V ; in
particular, we will see in the next section that they restrict the types of Higgs fields which
V can support.
3.1. Spectral covers. Let V be a rank r bundle on X , and let us assume that the re-
striction of V to each closed fiber Xb of π is semistable and has trivial determinant. Then,
first of all, the sheaf δ := π∗ det V on B is invertible, and the natural map
π∗δ = π∗π∗ det V → det V
is an isomorphism (one also says that det V is vertical in this case). Moreover, the twisted
bundle
V (Σ) := V ⊗OX(Σ)
restricts to a semistable, degree r bundle on each Xb, and thus satisfies h
0(Xb, V (Σ)b) = r,
h1(Xb, V (Σ)b) = 0. It follows that the sheaf R
0π∗V (Σ) on B is locally free of rank r, while
the sheaf R1π∗V (Σ) is 0. Let us recall the following result from [11]:
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Proposition 3.1. For each closed point b of B, the restriction of the natural map
(3.1) ev : π∗π∗V (Σ)→ V (Σ)
to the fiber Xb of π over b is an isomorphism at the generic point of Xb.
This implies, in particular, that the determinant of (3.1) is a non-zero map of line bundles
on X , from
det π∗π∗V (Σ) ≃ π
∗ det π∗V (Σ)
to
det V (Σ) ≃ det V ⊗OX(rΣ) ≃ π
∗δ ⊗OX(rΣ);
thus, setting
(3.2) µ := (det π∗V (Σ))
−1 ⊗ δ = (det π∗V (Σ))
−1 ⊗ π∗ det V ∈ Pic(B),
det(ev) can be considered as a non-zero section of the line bundle OX(rΣ) ⊗ π
∗µ on X ,
well defined up to multiplication by elements of k×; or as a curve CV (which is, in general,
neither reduced nor irreducible) belonging to the linear system on X
|rΣ + π∗µ| .
CV is called the spectral curve of V ; the restriction of π to CV is a finite morphism of degree
r from CV to B, called the spectral cover of V . We remark that a slight modification of
the previous construction allows one to define a spectral cover also in the case in which V
is assumed to be semistable not on every fiber, but only on a general fiber.
3.1.1. Set Sr := R
0π∗OX(rΣ) ≃
⊕
i∈{2,...,r,0}L
−i. Then, by virtue of the isomorphism
H0(X,OX(rΣ)⊗ π
∗µ) ≃ H0(B,Sr ⊗ µ),
the map det(ev) can also be considered as a section of the bundle
µ⊗ Sr ≃
⊕
i∈{2,...,r,0}
µ⊗ L−i;
or, equivalently, as an r-tuple
(s2, . . . , sr, s0) ∈
⊕
i∈{2,...,r,0}
H0(B, µ⊗ L−i),
well defined up to an overall scaling by a non-zero element of k. It follows that the vector
space H0(B, µ⊗ L−i) is non-zero for some i ∈ {2, . . . , r, 0}; thus, setting
e := deg(µ),
we have 0 6 deg(µ⊗L−i) = e−id, or e > id. In particular, e is non-negative. The following
lemma shows that this is nothing but a Bogomolov-type inequality (see also Section 5, and
[11], where the same result is proved with different techniques under the assumption of
fiberwise regularity on almost all fibers; we will go back later in this section to the notion
of regularity):
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Lemma 3.2. Let V be a locally free sheaf on X, fiberwise semistable and with vertical
determinant. Then the degree e of the line bundle µ defined in (3.2) satisfies
e = c2(V ).
Proof. By (3.2), we have
(3.3) e = deg(δ)− deg(det π∗V (Σ)) = deg(δ)− deg(π∗V (Σ)),
The degree of π∗V (Σ) can be computed, for example, using Grothendieck-Riemann-Roch
theorem:
ch(π!V (Σ))td(B) = π∗(ch(V (Σ))td(X)).
One finds that deg(π∗V (Σ)) = deg(δ)− c2(V ), which, substituted in (3.3), gives the claim
e = c2(V ).

Let us remark that if the second Chern number of V satisfies the inequality
c2(V ) = e < id
for some 0 < i 6 r, then
deg(µ⊗ L−j) = e− jd 6 e− id < 0
for all indexes j > i. Thus, the component sj ∈ H
0(µ ⊗ L−j) of det(ev) = (s2, . . . , sr, s0)
vanishes for j > i, and so the spectral curve of V belongs to the image of the canonical
injection of linear series
|(i− 1)Σ + π∗µ| →֒ |rΣ + π∗µ| , D 7→ D + (r − i+ 1)Σ.
In particular, for i = r, we find that CV > Σ is non-integral, while for i = r − 1, CV > 2Σ
is non-reduced. So we have:
Lemma 3.3. The following implications hold:
(i) if CV is integral, then c2(V ) > rd;
(ii) if CV is reduced, then c2(V ) > (r − 1)d.
3.2. Regular bundles. We recall [11] that a rank r, degree 0, semistable vector bundle
V on a complete, integral curve C of arithmetic genus 1 is isomorphic to a direct sum of
bundles of the form Iρ ⊗ λ, where Iρ is the rank ρ Atiyah bundle on C (ρ being an integer
> 1), while λ is a line bundle of degree 0 on C; say
V ≃
⊕
i
Iri ⊗ λi.
The integers ri and the line bundles λi are uniquely determined; if the λi are pairwise non-
isomorphic, V is said to be regular. The endomorphism algebra of V is then isomorphic to
the product algebra ∏
i
k[t]/(tri);
in particular, it is commutative, and it has dimension
∑
ri = r over k.
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In the relative case of a Weierstrass fibration π : X → B, one has the following property
(which will be useful in the next section to study the Higgs fields on fiberwise regular
bundles on X): let V be a rank r bundle on X , which has vertical determinant and is
fiberwise regular. Denote by ϕ : C → B the spectral cover of V . Then there is an
isomorphism of rank r bundles on B
π∗ End(V ) ≃ ϕ∗OC .
Let us finally recall the following useful result from [11]:
Proposition 3.4. Let V be a fiberwise semistable bundle on X with vertical determinant,
and let C → B be the spectral cover of V . Let b ∈ B(k) be such that the curve C is smooth
at all points lying over b. Then the restriction of V to Xb is actually regular. In particular,
if C is smooth, then V is fiberwise regular.
4. Higgs bundles on elliptic surfaces
4.1. Higgs bundles. Let Y be a non-singular scheme, and let V be a locally free sheaf
on Y . A Higgs field on V [21, 22, 12] is a morphism of OY -modules φ : V → V ⊗ ΩY , i.e.,
a global section of the bundle End(V )⊗ ΩY , satisfying the integrability condition (this is
automatic if Y is a curve)
φ ∧ φ = 0 in Hom(V, V ⊗
2∧
ΩY ),
where φ ∧ φ : V → V ⊗
∧2ΩY denotes the composition
V
φ
−→ V ⊗ ΩY
φ⊗1
−−→ V ⊗ ΩY ⊗ ΩY
1⊗∧
−−→ V ⊗
2∧
ΩY ;
a Higgs bundle on Y is a pair (V, φ), where V is a locally free sheaf on Y , and φ a Higgs field
on V . The dual of a map φ : V → V ⊗ ΩY can also be regarded as a map ΘY → End(V ),
which induces a morphism of sheaves of (non-necessarily commutative) OY -algebras from
the tensor algebra TΘY :=
⊕
i∈Z>0
Θ⊗iY of ΘY to End(V ). The integrability condition is
then equivalent to the requirement that the last morphism factors through the projection
TΘY → SymΘY , thus defining a structure of SymΘY -module on V .
This definition can be generalized, in a straightforward way, to that of Higgs sheaf.
4.1.1. Operations on Higgs bundles. We now briefly recall some operations on Higgs bun-
dles which will be useful in Section 5. First of all, one has a natural notion of pull-back for
Higgs bundles: for a morphism f : Z → Y of non-singular schemes, and for a Higgs bundle
V = (V, φ) on Y , one sets f ∗V := (f ∗V, ψ), where ψ : f ∗V → f ∗V ⊗ΩZ is the composition
f ∗V
f∗φ
−−→ f ∗(V ⊗ ΩY )
≃
−→ f ∗V ⊗ f ∗ΩY
1⊗f∗
−−−→ f ∗V ⊗ ΩZ .
There is also a natural notion of tensor product of two Higgs bundles defined on the same
scheme, say V1 = (V1, φ1),V2 = (V2, φ2): one sets
V1 ⊗ V2 := (V1 ⊗ V2, φ1 ⊗ 1 + 1⊗ φ2).
14 SEMISTABLE HIGGS BUNDLES ON ELLIPTIC SURFACES
Finally, one can define the dual of a Higgs bundle V = (V, φ) on a scheme Y as V∨ :=
(V ∨,−ψ), where ψ : V ∨ → V ∨ ⊗ ΩY is the composition
V ∨
≃
−→ V ∨ ⊗OY
1⊗tr∨
−−−→ V ∨ ⊗ Ω∨Y ⊗ ΩY
φ∨⊗1
−−−→ V ∨ ⊗ ΩY .
4.1.2. The cone of Higgs fields on V : Let E := End(V ). Then the map
H0(E ⊗ ΩY )→ H
0(E ⊗
2∧
ΩY ), φ 7→ φ ∧ φ,
factors as
H0(E ⊗ ΩY )
φ 7→φ2
−−−→ Sym2H0(E ⊗ ΩY )
ℓ
−→ H0(E ⊗
2∧
ΩY ),
where ℓ is k-linear. The image of the dual map ℓ∨ : H0(E⊗
∧2ΩY )∨ → Sym2H0(E⊗ΩY )∨
defines a linear system of quadrics in the projective space P(H0(E⊗ΩY )); let B be its base
scheme. Then the set HV of Higgs fields on V is just the set of closed points of the affine
cone over the projective scheme B. The cone HV might very well be a vector subspace
of H0(E ⊗ ΩY ), and in fact this is what will happen in the cases we will analyze in the
following.
4.1.3. The Hitchin base. Let (V, φ) be a Higgs bundle on a complete, non-singular scheme
Y , and let r > 2 be the rank of V . The characteristic polynomial det(T −φ) of the twisted
endomorphism φ ∈ H0(End(V )⊗ ΩY ) has the form
T r + a1T
r−1 + · · ·+ ar−1T + ar,
with ai ∈ H
0(SymiΩY ). The affine space BY,r associated to the vector space
r⊕
i=1
H0(SymiΩY )
is called the Hitchin base (for rank r Higgs bundles on Y ). Let MHiggsY,r be the moduli space
of rank r, semistable Higgs bundles on Y [23]. Then the association (V, φ) 7→ (a1, . . . , ar)
induces a morphism
MHiggsY,r → BY,r,
called the Hitchin fibration. It is a useful tool for the study of MHiggsY,r .
Our first result concerning Higgs bundles on elliptic surfaces is the following Proposition,
which suggests a strong relation between Higgs bundles on the total space and on the base
of an elliptic surface, and whose proof follows immediately from Proposition 2.6:
Proposition 4.1. Let π : X → B be a non-isotrivial Weierstrass fibration with nodal
singular fibers. Then, for each r ≥ 2, there is a canonical isomorphism
(4.1) π∗ : BB,r → BX,r.
Let us remark that, if we use the isomorphism (4.1) to identify BX,r with BB,r, we have
that the operation of pull-back via π induces a rational map of BB,r-schemes
MHiggsB,r 99KM
Higgs
X,r .
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Moreover, using again Proposition 2.6, we get an isomorphism of OB-algebras
π∗SymΘX ≃ SymL
−1;
thus, the operation of push-forward via π induces a rational map from the moduli space
of semistable Higgs bundles on X to the moduli space of semistable L-valued pairs on B
(see, e.g., [20] for the notions of semistable pairs and their moduli).
4.2. Vertical Higgs fields. From now on, let (π : X → B,Σ) be a non-isotrivial Weier-
strass fibration with nodal singular fibers. Let V be a vector bundle on X . Then, starting
from a linear map ψ : V → V ⊗π∗ωB, we get a linear map φ : V → V ⊗ΩX , by composing
ψ on the left with
1⊗ π∗ : V ⊗ π∗ωB → V ⊗ ΩX .
Moreover, the map φ obtained in this way satisfies the integrability condition, i.e., it is a
Higgs field on V ; and the correspondence ψ 7→ φ is injective, since it can be regarded as
the map on global sections induced by the injection
(4.2) 1⊗ π∗ : End(V )⊗ π∗ωB → End(V )⊗ ΩX .
It follows that any bundle V on an elliptic fibration admits a family of Higgs fields
parametrized by the vector space Hom(V, V ⊗ π∗ωB), which we will refer to as vertical
Higgs fields. We now show that, under suitable assumptions on V , there are no other
Higgs fields. More precisely, we have the following:
Proposition 4.2. Let V be a rank r vector bundle on X, and let E be its sheaf of endo-
morphisms. Suppose that V satisfies the following two assumptions:
(1) V is semistable and has trivial determinant on a general closed fiber of π;
(2) the spectral cover of V is reduced.
Then the natural map
(4.3) π∗(1⊗ π
∗) : π∗(E ⊗ π
∗ωB)→ π∗(E ⊗ ΩX)
is an isomorphism of rank r bundles on B.
This immediately implies the following:
Corollary 4.3. Let V be as in Proposition 4.2. Then the only Higgs fields on V are
vertical.
Proof. It follows immediately from Proposition 4.2 by taking the map on global sections
induced by the isomorphism (4.3), and noting that this is the same as the map on global
sections induced by (4.2). 
Proof of Proposition 4.2. Tensoring (2.6) by the locally free sheaf E, we get the short exact
sequence of torsion free sheaves on X
E ⊗ E : 0→ E ⊗ π∗ωB → E ⊗ ΩX → E ⊗ Ωπ → 0;
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taking direct images, we then get the exact sequence of (locally free, by Lemma 2.7) sheaves
on B
(4.4) 0→ π∗(E ⊗ π
∗ωB)→ π∗(E ⊗ ΩX)→ π∗(E ⊗ Ωπ).
The reducedness of the spectral cover implies that, on a general closed fiber Xb of π, the
bundle Vb is isomorphic to a direct sum of r pairwise distinct line bundles of degree zero
on Xb, say
Vb ≃ λ1 ⊕ · · · ⊕ λr.
This, together with the fact that π∗ωB and Ωπ are trivial on a general closed fiber, implies
immediately that π∗(E ⊗ π
∗ωB) and π∗(E ⊗ Ωπ) have rank r. Finally, using the fact that
ΩX,b is isomorphic to the rank 2 Atiyah bundle on Xb for b ∈ B(k) general, we find
(E ⊗ ΩX)b ≃
⊕r
i,j=1
λi ⊗ λ
−1
j ⊗ I2;
thus,
h0(Xb, (E ⊗ ΩX)b) =
r∑
i,j=1
h0(Xb, λi ⊗ λ
−1
j ⊗ I2) =
r∑
i,j=1
δij = r,
which shows that π∗(E ⊗ ΩX) has rank r too. It follows that (4.4) is an exact sequence
of rank r bundles, and this implies immediately that the first map is an isomorphism, as
claimed. 
4.2.1. Remarks on the assumptions of Proposition 4.2. We remark that the assumptions
in 4.2 are both necessary. To show that assumption (1) is necessary, set ℓ := OX(Σ),
V1 = ℓ ⊕ ℓ
−1. Then V1 is a rank 2 bundle with trivial determinant, but it is unstable on
each fiber; moreover E1 := End(V1) satisfies E1 ≃ ℓ
2 ⊕O⊕2X ⊕ ℓ
−2. Thus
π∗(E1 ⊗ π
∗ωB) ≃ ωB ⊗ (O
⊕3
B ⊕ L
−2)
has rank 4; instead, π∗(E1 ⊗ ΩX) has rank 6, since for b ∈ B(k) general, we have, setting
p := σ(b) ∈ Xb,
h0((E1 ⊗ ΩX)b) = h
0((O(2p)⊕O⊕2 ⊕O(−2p))⊗ I2) = 4 + 2 + 0.
To show that assumption (2) is necessary, consider a rank r > 2 bundle V2 on X whose
restriction to a general fiber is isomorphic to the rank r Atiyah bundle Ir (such bundles
exist; for r = 2, one could take, e.g., V2 = ΩX), so that V2 is semistable (in fact, regular)
and has trivial determinant on a general fiber, but it has non-reduced spectral cover rΣ.
Let E2 := End(V2). Then π∗(E2⊗π
∗ωB) has rank r, while π∗(E2⊗ΩX) has rank 2r−1 6= r.
4.3. Scalar Higgs fields. Let Y be a non-singular, complete scheme; let V be a locally
free sheaf on Y of rank r > 0, and E its sheaf of endomorphisms. The linear map OY → E
corresponding to the identity section of E is injective; thus, tensoring by ΩY , and then
taking global sections, we get an injective k-linear map
H0(ΩY ) →֒ H
0(E ⊗ ΩY ), α 7→ φα,
which factors through the inclusion HV →֒ H
0(E ⊗ ΩY ). In fact, for each global 1-form
α on Y , the field φα acts on a local section s of V , defined on a Zariski open U of Y ,
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as φα(s) = s ⊗ α|U ; from this it follows immediately that φα satisfies the integrability
condition φα ∧ φα = 0, and that, moreover, the matrix of φα with respect to a local frame
(e1, . . . , er) : O
⊕r
U
≃
−→ V |U for V is the (scalar) matrix of 1-forms on U
diag(α|U , . . . , α|U);
thus the Higgs fields on V obtained in this way might be called scalar Higgs fields. This
shows that V admits a family of Higgs fields of dimension h0(ΩY ). For example, for a
Weierstrass fibration π : X → B (satisfying the usual assumptions), one has, using the
case r = 1 of Proposition 2.6,
h0(X,ΩX) = h
0(B, π∗ΩX) = h
0(B, ωB) = g,
where g is the genus of the base curve B.
We remark that scalar Higgs fields pull-back to scalar Higgs fields; more precisely, for a
morphism f : Z → Y , and a vector bundle V on Y , one has a commutative diagram
H0(ΩY ) HV
H0(ΩZ) Hf∗V
where the vertical arrows are the pull-back maps on global 1-forms and on Higgs fields.
Our next goal is to show that, under suitable assumptions, a vector bundle on a Weier-
strass fibration supports only scalar Higgs fields.
4.3.1. The Universal Spectral Cover. We fix a Weierstrass fibration (π : X → B,Σ), and
an integer r ≥ 2. We recall, from Section 2, that S = π∗OX(rΣ) is a rank r vector bundle
on B. The morphism p : PB(S)→ B is then a P
r−1-bundle on B, while p˜ : PX(π
∗S)→ X
is a Pr−1-bundle on X ; and there is a canonical morphism π˜ : PX(π
∗S)→ PB(S) such that
π˜∗OPB(S)(1) ≃ OPX(π∗S)(1),
and the square
PX(π
∗S) PB(S)
X B
π˜
p˜ p
π
is cartesian. Now let K be the kernel of the canonical epimorphism π∗S ։ OX(rΣ). Then
K is a vector bundle on X of rank r − 1; thus C := PX(K) is a P
r−2-bundle on X , which
is the relative incidence correspondence of the family of complete linear systems on the
fibers of π associated to the line bundle OX(rΣ). It is a smooth, prime divisor of PX(π
∗S),
whose associated invertible sheaf OPX(π∗S)(C) is given by
OPX(π∗S)(C) ≃ OPX(π∗S)(1)⊗ p˜
∗OX(rΣ)
≃ π˜∗OPB(S)(1)⊗ p˜
∗OX(rΣ).
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Moreover, p˜ restricts to C to give the bundle projection PX(K)→ X , while the restriction
of π˜ to C is a finite, degree r morphism
ϕ : C → PB(S).
The following commutative diagram summarizes the situation:
X
C PX(π
∗S) B
PB(S)
π
ϕ
p˜
π˜ p
.
The morphism ϕ is called the universal spectral cover, for the following reason: let V be a
rank r bundle on X , with vertical determinant and semistable on a general fiber of π. We
saw that the map det(ev : π∗π∗V (Σ) → V (Σ)) can be considered as a section of S ⊗ µ,
for a suitable µ ∈ Pic(B), or as a morphism S∨ → µ, surjective at the generic point of B.
It thus gives rise to a rational section of p : PB(S) → B, which then extends to a global
section AV : B → PB(S) (since B is a smooth curve, and PB(S) is complete). Then one
can show that the spectral cover ϕV : CV → B of V is isomorphic (as a B-scheme) to the
base change of the universal spectral cover via the section AV ; in other words, there exists
a closed immersion CV →֒ C such that the square
CV C
B PB(S)
ϕV ϕ
AV
is cartesian.
We will use the following:
Lemma 4.4. There is an exact sequence of vector bundles on PB(S):
(4.5) 0→ OPB(S) → ϕ∗OC → OPB(S)(−1)⊗ p
∗(S∨ ⊗ L−1).
Proof. Set P := PB(S), P
∗ := PX(π
∗S). We have the short exact sequence of sheaves on
P∗:
0→ OP∗(−C)→ OP∗ → OC → 0.
Taking direct π˜-images we get the exact sequence of sheaves on P:
(4.6) 0→ π˜∗OP∗(−C)→ π˜∗OP∗ → π˜∗OC → R
1π˜∗OP∗(−C).
Let us compute the sheaves in the last sequence. We have
Riπ˜∗OP∗(−C) ≃ R
iπ˜∗(π˜
∗OP(−1)⊗ p˜
∗OX(−rΣ))
≃ OP(−1)⊗ R
iπ˜∗(p˜
∗OX(−rΣ))
≃ OP(−1)⊗ p
∗Riπ∗OX(−rΣ),
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where the sheaf Riπ∗OX(−rΣ) is zero for i = 0, while for i = 1 it is isomorphic to
Ext0π(OX(−rΣ), ω
◦
π)
∨ ≃ (π∗(OX(rΣ)⊗ π
∗L))∨
≃ S∨ ⊗ L−1;
it follows that
π˜∗OP∗(−C) = 0, R
1π˜∗OP∗(−C) ≃ OP(−1)⊗ p
∗(S∨ ⊗ L−1).
Finally, we have
π˜∗OP∗ ≃ π˜∗p˜
∗OX ≃ p
∗π∗OX ≃ p
∗OB ≃ OP,
and, denoting by ι : C →֒ P∗ the inclusion,
π˜∗OC = π˜∗ι∗OC = (π˜ ◦ ι)∗OC = ϕ∗OC.
Substituting in (4.6), we get the sequence (4.5). 
4.3.2. Using lemma 4.4, we can prove the following proposition, where, as usual, we denote
by (π : X → B,Σ) a non-isotrivial Weierstrass fibration (with smooth base and total space)
with nodal singular fibers; moreover, d is the degree of the fundamental line bundle L of
(π,Σ), and g the genus of the (complete, irreducible) curve B.
Proposition 4.5. Let V be a vector bundle on X of rank r > 2, which is fiberwise regular
and has vertical determinant. Let ϕV : CV → B be the spectral cover of V , and let us
assume that at least one of the following two assumptions is satisfied:
(i) CV is integral and d > 2g − 1;
(ii) CV is reduced and c2(V ) > (r − 1)d+ 2g − 1.
Then every Higgs field on V is scalar.
Proof. Let us start by remarking that, under either of the assumptions (i) or (ii), we can
apply to V Proposition 4.2 and its Corollary 4.3. Thus, any map V → V ⊗ ΩX is a Higgs
field, and these are the same as the global sections of the vector bundle on B
π∗(π
∗ωB ⊗ EndV ) ≃ ωB ⊗ π∗EndV.
Moreover, V being regular, the bundle π∗EndV is isomorphic to ϕV ∗OCV .
Set S := π∗OX(rΣ) ≃
⊕
i∈{2,...,r,0}L
−i, and denote by p : P→ B the projectivization of
S, and by AV : B → P the section of p corresponding to V ; recall that we have a cartesian
square with finite vertical arrows
C C
B P
ϕV ϕ
AV
,
where ϕ : C → P is the universal spectral cover. Thus, for each sheaf F on C, the natural
map
A∗V ϕ∗F → ϕV ∗(F ⊗OC)
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is an isomorphism (see, e.g., Lemma 5.6 of [11]). In particular, taking F = OC, we get an
isomorphism
A∗V ϕ∗OC ≃ ϕV ∗OCV .
It follows that if we pull the exact sequence (4.5) back to B using AV : B → P, we get an
exact sequence of vector bundles on B
0→ OB → ϕV ∗OCV → µ
−1 ⊗ S∨ ⊗ L−1,
where µ = A∗VOP(1); tensoring with ωB we obtain an exact sequence
(4.7) 0→ ωB → ωB ⊗ ϕV ∗OCV → S
∨ ⊗ L−1 ⊗ µ−1 ⊗ ωB.
The last bundle splits as λ2 ⊕ · · · ⊕ λr ⊕ λ0, where
λi := L
i−1 ⊗ µ−1 ⊗ ωB ∈ Pic(B).
Now recall that d > 1, and that e := deg(µ) satisfies e = c2(V ) by Lemma 3.2, and the
inequalities
e >
{
rd , if CV is integral
(r − 1)d , if CV is reduced
by Lemma 3.3. It follows that, for each i ∈ {0, 2, . . . , r}, the degree
deg(λi) = (i− 1)d− e+ 2g − 2
satisfies
deg(λi) 6 (r − 1)d− e+ 2g − 2,
and the right and side of this inequality is negative under any of the assumptions (i) and
(ii). Thus
H0(S∨ ⊗ L−1 ⊗ µ−1 ⊗ ωB) =
⊕
i
H0(λi) = 0,
and the arrow ωB → ωB ⊗ ϕV ∗OCV in (4.7) induces an isomorphism on global sections. It
follows that the natural map H0(ΩX) →֒ HV = Hom(V, V ⊗ ΩX) is an injection between
vector spaces of the same dimension g, and thus an isomorphism. 
Proposition 4.5 is useful in conjunction with the following sufficient condition for the
base-point freeness of linear systems on X of the form |rΣ+ π∗µ| (r ∈ Z, µ ∈ Pic(B)):
Proposition 4.6. Let r be an integer > 2, and let µ be a line bundle on B of degree
e > rd+ 2g. Then the linear system on X
|rΣ+ π∗µ|
is base-point free.
Proof. For each b ∈ B(k), the line bundle λ := OX(rΣ) ⊗ π
∗µ on X restricts on Xb to
OXb(rσ(b)) ∈ Pic(Xb), and the linear system |rσ(b)| on Xb is base-point free, since r is
assumed to be > 2. It is then enough to check that the restriction map
res : H0(X, rΣ+ π∗µ)→ H0(Xb, rσ(b))
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is surjective. Its cokernel injects into H1(X, λ(−Xb)) = H
1(X, rΣ + π∗(µ − b)); by the
Leray spectral sequence we have
h1(X, λ(−Xb)) = h
1(B,R0π∗(λ(−Xb))) + h
0(B,R1π∗(λ(−Xb))),
with Riπ∗(λ(−Xb)) = R
iπ∗OX(rΣ)⊗µ(−b); the last sheaf is zero for i = 1, while for i = 0
it is isomorphic to
⊕
j∈{2,...,r,0}L
−jµ(−b) (here and in the following we omit some ⊗’s for
simplicity of notation). Thus we find
h1(X, λ(−Xb)) =
∑
j
h1(L−jµ(−b)) =
∑
j
h0(ωBL
jµ−1 ⊗OB(b)),
and each of the summands in the last sum is zero, since
deg(ωBL
jµ−1 ⊗OB(b)) = 2g − 2 + jd− e+ 1 6 rd+ 2g − e− 1 6 −1 < 0.
This shows that res is surjective, as claimed. 
5. Sheaves with vanishing discriminant
5.1. Stability. Let us recall that the notions of degree, slope, and slope-semistability for
a sheaf on a projective scheme Y require the choice of an ample divisor H on Y (or of an
open ray R>0 · H in the ample cone of Y ), which in this context is called a polarization
on Y . A polarized variety is then a pair (Y,H), where Y is a non-singular, irreducible,
projective scheme, and H a polarization on Y .
Let (Y,H) be a polarized variety, with n := dim(Y ) > 1. The degree of a coherent sheaf
F on Y is the integer
deg(F ) := c1(F ) ·H
n−1;
if F has positive rank, the slope of F is the rational integer
µ(F ) :=
deg(F )
rk(F )
.
A torsion-free sheaf F on Y is said to be slope-semistable if, for each non-zero subsheaf S
of F , one has
(5.1) µ(S) 6 µ(F )
(or, equivalently, if µ(F ) 6 µ(Q) for each quotient Q of F with rk(Q) 6= 0). Since this is the
only notion of stability that we shall consider, we will sometimes shorten slope-semistable
to semistable.
5.2. The discriminant and Bogomolov inequality. Let Y be an irreducible, non-
singular, projective scheme, and let F be a rank r sheaf on Y . The discriminant of F is
the characteristic class
∆(F ) := 2rc2(F )− (r − 1)c1(F )
2 ∈ A2(Y ).
(here A2(Y ) is the Chow group of codimension 2 cycles on Y modulo rational equivalence)
If F is locally free, this is the same as c2(End(F )) = c2(F
∨ ⊗ F ), whose expansion in
terms of the Chern roots of F might help explaining the choice of the name discriminant.
If Y has dimension n > 2 and is polarized by the ample divisor H , one can multiply the
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discriminant of F by a suitable power of H , to obtain an integer, called the Bogomolov
number of F (with respect to H), and denoted by B(F ):
B(F ) := ∆(F ) ·Hn−2.
Of course when Y is a surface B(F ) is independent of the polarization, and it is just the
image of ∆(F ) in Z under the degree homomorphism A2(Y ) = A0(Y )→ Z.
The Bogomolov number is the subject of a remarkable theorem, the Bogomolov inequal-
ity, proved for the first time in [2] for a vector bundle on a complex surface (see [15] for a
proof of the general statement):
Theorem 5.1 (Bogomolov inequality). Let (Y,H) be a polarized variety, and let F be a
torsion-free coherent sheaf on Y . Then, if F is slope-semistable, the Bogomolov number of
F is non-negative.
It is then natural to try to find a characterization of the slope-semistable sheaves with
vanishing Bogomolov number. The main result in this direction is the following [19, 6]:
Theorem 5.2. Let (Y,H) be a complex polarized variety. Then, for a locally free sheaf F
on Y , the following are equivalent:
(1) F is slope-semistable and has vanishing discriminant in H4(X,Q);
(2) for every irreducible, non-singular, projective curve C, and for every morphism
f : C → Y , the pull-back f ∗F of F to C via f is semi-stable.
Following [7], we call a sheaf F satisfying (2) of Theorem 5.2 curve-semistable. Then The-
orem 5.2 can be paraphrased by saying that, on a complex polarized variety, the semistable
locally free sheaves with vanishing discriminant are exactly the locally free sheaves that
are curve-semistable.
5.3. The Higgs case and the conjecture. There is a notion of slope-semistabilty
adapted to torsion-free Higgs sheaves on a polarized variety (Y,H): a torsion-free Higgs
sheaf (F, φ) on Y is slope-semistable (with respect to H) if it satisfies the inequality (5.1)
for the non-zero subsheaves S of F that are invariant under the action of the Higgs field
φ (i.e., such that the restriction of φ to S factors through the injection (S →֒ F ) ⊗ ΩY ).
Then one has a version of Bogomolov inequality for Higgs sheaves (proved in [21] for stable
Higgs bundles over complex varieties, and in [15] in the general case):
Theorem 5.3 (Bogomolov inequality for Higgs sheaves). Let (Y,H) be a polarized variety,
and let (F, φ) be a torsion-free Higgs sheaf on Y . Then, if (F, φ) is slope-semistable, the
Bogomolov number of F is non-negative.
Once again, it is then natural to try to characterize the torsion-free, slope-semistable
Higgs sheaves with vanishing Bogomolov number. In view of Theorem 5.2, the following
statement appears to be natural. In it we use the notion of curve-semistability for a Higgs
sheaf (F, φ) on a polarized variety (Y,H): (F, φ) is curve-semistable if, for each pair (C, f),
where C is an irreducible, non-singular, projective curve, and f : C → Y a morphism, the
pull-back Higgs sheaf f ∗(F, φ) is semistable.
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Conjecture 5.4. Let (Y,H) be a complex polarized variety, and let (F, φ) be a Higgs
bundle on Y . Then the following are equivalent:
(1) (F, φ) is semistable with vanishing discriminant in H4(X,Q);
(2) (F, φ) is curve-semistable.
The implication (1) ⇒ (2) of the previous conjecture was proved in [5, 6]. Moreover,
the Higgs version of Metha-Ramanatan theorem [22] implies that a curve-semistable Higgs
bundle is semistable. So, what is left to be proved is the statement that a curve-semistable
Higgs bundle has vanishing discriminant, or, equivalently, that a torsion-free Higgs bundle
with non-zero discriminant is unstable (i.e., non-semistable) when pulled back to a suitable
curve.
It has been proved over the last few years that the conjecture is true for some classes of
varieties, including those with nef tangent bundle [8], K3 surfaces [7], and, more generally,
Calabi-Yau varieties [3]. Thus, if we restrict ourselves to the case of surfaces, we can
consider the conjecture as proved for surfaces of Kodaira dimension ≤ 0. The next case
which is then natural to examine is that of surfaces of Kodaira dimension 1, the so-called
honest elliptic surfaces. In the next section, we will use the results on Higgs bundles proved
in Section 4 to make some progress in the study of the conjecture in the case of elliptic
surfaces.
5.4. Study of the conjecture on elliptic surfaces. Assume k = C in this section. Let
(π : X → B,Σ) be a non-isotrivial Weierstrass fibration with nodal singular fibers. As
always, we denote by the L ∈ Picd(B) (d > 0) the fundamental line bundle of X , and by
g the genus of B. Fix a polarization H on X . For each Higgs bundle V = (V, φ) on X , let
us denote by PV the following claim:
if ∆(V ) is non-zero, then there exists a pair (C, f), where C is a smooth, irreducible,
projective curve, and f : C → X a morphism, such that the pull-back f ∗V is unstable.
Then, by our previous remarks, Conjecture 5.4 holds if and only if claim PV is true for
every Higgs bundle V on X . Our first result states that it is enough to check the validity
of PV for Higgs bundles V on X whose underlying locally free sheaf has trivial determinant
and is semistable on the fibers of π:
Proposition 5.5. Assume claim PV to be true for Higgs bundles V = (V, φ) on X such
that V is fiberwise semistable and has trivial determinant. Then claim PV is true for every
Higgs bundle V on X.
Proof. Let V = (V, φ) be a rank r > 1 Higgs bundle on X satisfying ∆(V ) 6= 0. Let
W = (W,ψ) = V ⊗ V∨ (see Section 4.1.1 for the definition of tensor product of Higgs
bundles). Then the sheaf W = End(V ) ≃ V ⊗ V ∨ is locally free or rank r2 > 1 and trivial
determinant, and so
∆(W ) = 2r2c2(W ) = 2r
2∆(V ) 6= 0.
If the restriction Wb ≃ Vb ⊗ V
∨
b of W to some closed fiber Xb of π is unstable, then so
is Vb, since it is well-known that the slope-semistability of a bundle is equivalent to that
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of its dual, and the tensor product of two slope-semistable bundles is slope-semistable;
analogously, the pull-back f ∗V is unstable, where f : C → X is the composition
C
ν
−→ Xb →֒ X,
ν : C → Xb being the normalization of Xb. But, since C has genus ≤ 1, the instability of
f ∗V implies that of f ∗V [8, 9], and claim PV is true.
Let us then assume thatW is fiberwise semistable. By our assumption, claim PW is true,
and hence the pull-back f ∗W ≃ f ∗V ⊗ f ∗V∨ is unstable for some curve C and morphism
f : C → X ; thus, so is f ∗V (by the properties of duals and tensor products of semistable
Higgs bundles analogous to those valid for semistable bundles), showing that claim PV is
true in this case too. 
Let us then focus our attention on Higgs bundles V = (V, φ) on X such that V has rank
r > 2 and trivial (or, more generally, vertical) determinant, and is fiberwise semistable.
Such a V has ∆(V ) = 2rc2(V ), and c2(V ) > 0 (by Proposition 3.2). Thus, the assumption
∆(V ) 6= 0 in claim PV is actually equivalent to ∆(V ) > 0, or to c2(V ) > 0. Using the
results from the previous section, we are able to prove that claim PV is true, as soon as
c2(V ) (or ∆(V )) is enough big, and the spectral cover of V is sufficiently general. We see
this as a strong indication that Conjecture 5.4 (or, at least, a generic version of it) is true.
Proposition 5.6. Let (r, e) be a pair of integers satisfying r > 2 and e > rd + 2g. Fix
a line bundle µ of degree e on B, and let C be a general element of the linear series
P := |rΣ+ π∗µ| on X. Let V = (V, φ) be a Higgs bundle on X, whose underlying locally
free sheaf V has rank r, vertical determinant, c2(V ) = e, and is fiberwise semistable with
spectral curve CV = C. Then claim PV is true.
Proof. By Proposition 4.6, the linear series P is base-point free. Thus, C can be assumed to
be smooth (and, in particular, reduced). By Proposition 3.4, V is fiberwise regular. Point
(2) of Proposition 4.5 then allows us to conclude that the Higgs field φ is scalar. Moreover,
by Theorem 5.2, V is not curve-semistable. We can then pick a curve C, and a morphism
f : C → X , such that f ∗V is unstable; it follows that the Higgs bundle f ∗V = (f ∗V, ψ) is
also unstable (by the remarks of Section 4.3). Thus PV holds true, as claimed. 
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